Nonlinear Creep Analysis of
Prestressed Concrete Structures

Ww. Wojewédzki
Warsaw University of Technology, Warsaw, Poland

A. N. Pietrov
Petrozavodsk University, Petrozavodsk, USSR

1. INTRODUCTION

Nonlinear behaviour of reinforced concrete structures has been the object of
intensive theoretical and experimental investigations. Recent results of
research in this field were presented at many conferences, e.g. IABSE Delft
1981, Split 1984, Karpacz 1984, Bombay 1985, Tokyo 1986, Tucson 1987, SMiRT
Lausanne 1987. Some problems connected with cracking, elastic-plastic behaviour
of reinforcement and concrete at the long-term loading and creep were considered
by Bazant et al, (1979), Karpenko and Pietrov (1976, 1980), Szarlirski et
al, (1986) and others.

The aim of the paper is to present a model of prestressed concrete struc-
tures in the uniaxial and two-axial stress states in which the elastic pro-
perties, linear and nonlinear creep strains and shrinkage of concrete are
accounted for fogether with the nonlinear strains of reinforcement and cracking.
As an example, calculations of prestressed concrete beam are given and compared
with the experimental evidence.

2. UNIAXIAL STRESS STATE

The equilibrium eguation for an uniaxially stressed reinforced concrete
prism can be written as

!
M 6-ub,= Eb(£-£°)+ E ME ) where

6 stress in the prism from the external load,

60 initial stress in reinforcement due to prestressing,
¢ strain in the prism,

£, 1initial strain in concrete,

E’b secant modulus of concrete,

E° Young s modulus of reinforcement,

ps steel ratio.

Let us consider the first increment of applied stress 6, starting at time
'E’1 and the shrinkage strain curve for concrete 65 as shown in Fig. 1. Strain
in the prism and stress in the concrete at time ‘L‘1 can be obtained from the
following formulae:

@) £=(6,=6oH + £ £,)/(Eyt Egh)
3) 5b= EL(E—EO) )

where Eb’ = Eb( 'L’1) is the elastic modulus of concrete at the age 'L'1 and
EO: 85 (T1)-
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Fig. 1. Loading steps and shrinkage Fig. 2. Change of stress-strain state
strain curve due to creep and shrinkage of
concrete

The degradation of the stress-strain state of the prism caused by creep and

shrinkage of concrete is shown in the diagram of Fig. 2. Prediction of the
stress-strain state at time TZ requires the following iterative process to be
used:

ot &, =6,/E,(T,) +£.(T,))
By =6, /g,
£=(6,- G+ ELE)/CEL+E M)

6b= E;(g-gc)) where € =£.(T,)

)

The formula (4). gives the global strain in concrete which consists of linear
elastic strain e and creep strain £.. The expression (4), allows to calculate
the secant modulus of concrete at time T, which equals tga1, Fig. 2. The
formula (4). gives the strain in the prism and (4), supplies stress in the
concrete at” time T, . It is necessary to repeat the cycle (4)1—(4) as long
as the strain in the prism € or stress in concrete 55 ceases %o change
appreciably.

At an instant of the change of stress 6 the increment of stress and strain
in concrete will have an elastic character and can be obtained from the
following formulae:

(5) At = (62_61)/EEb<T2) + ESHJ)
6) By =6, (T +2eE,(T))

For the analysis of the stress-strain state at time t it is possible to follow
cycle (4) provided time T, is replaced by time t.

In the case of change of sign of stress in concrete, creep strains at compres-
sion and tension can not be added. One part is used for the calculation of
secant modulus Eb and another is added to the shrinkage strain in the formula
for &,.

If tensile stress in concrete attains its ultimate strength the cracks begin
to form. The continuous model is used to describe reinfored concrete with
cracks. 0On this assumption the equilibrium equation of the prism can be
written as
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(1) 6-6,1 = E’sg ELéy )
where the s‘glffness of reinforced concrete is taken to be
(8) E, = HE/ v,

Coefficient has the same sense as Murashev s factor, (Murashev, 1950).
For determining Vs the following expression is suggested

)
) wo= 1 - @(e-s /Ry o) + HE; /E]
where 6., is the stress in the prism at the instant of Cracklng ’[‘
denotes %ensﬂe ultimate strength of concrete at the age T and
Eb = EbS - pES.
The stress-strain diagram for prestressing bars is shown in Fig. 3. The
initial curve OAD has the offset elastic
limit 50 02 and the offset vyield
€ 6 602 limit{ and the fracture strenght
Gy c 5u. The prestressing up to 614 range

/(D increases the offset yield limit and
g // it can be obtained from the Madatjan’s
0,2n A (1976) empirical formula
/ o) By p="6py+128(6, /6 ,2'0,5)

for 0,5 6 , & 6 <6 After the

6n A 6% load the prestressmg bars are strai-
G ¢ ned in accordance with the BO,C curve.
01 los S Beyond 6 _ the offset strain in reinfor-

cement 85 can be calculated from the
0 B Co 3 formulae pr éxosed by Gushcha (1979):
it 0 8602"\ S+60$60,2n then

an fsp 001(6 +60“0)86
Fig. 3. Stren-strain diagram of and if 6'+6 > 0,21 then

prestressing bars (12) -—(O 35 +A AS) /( 175~B AS) j)

where as = (6 +5 -Gy, )/5 ap and A, B, are constants of reinforcement.
Elastic- plastlc behavmur of bars between cracks is taken into account with the
help of formula suggested by Karpenko (1976)

E’s_—. /JES/Y/S/I/?&) where

(13) E =256d/l,, +034(1 szn/ (100 55p") {1
lep= 20 (3,5—100/4)\]_,
Vs = 65/[-:5/(65/55+55P),

(1)

cr) b ten

60,2

6op2

o2n)

and d is the diameter of the prestressing bars and 1., denotes spacing of craks.
It is assumed that creep in concrete may be divided into a linear and a non-
linear part. Linear part of creep under time-variable stress may be determined
by the principle of SUDeI‘DOSlthD

a4) g(t) = a6<t)C(t T)dT,

Ty

where CL (t, T ) is linear creep strain per unit stress in concrete. Nonlinear
part of creep strain is assumed to be irreversible and may be determined by
using Lebesgue s integral
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= [Cmax 94¢6 14T, T
(15) £,(t) = [ IOETTT) 4

where T is duration?of the action of d6 . The function ¢ (6,t,T) is the
product of stress in concrete and nonlinear creep strain per unit stress
(creep function), i.e

(t6) (6, t,1) = GrCn(f,’c), ry1.

Some forms of specific creep function for concrete ensuring a fairly good
agreement with experimental data are given by Aleksandrowskij (1966).

An attempt to employ the model of concrete based on the integral forms (14)
and (15) leads to very cumbersome computer calculations. The specific Ty -
- mode of creep prediction, proposed by Karpenko and Pietrov (1979, 1980),
allows to simplify the calculations.

3. THO-AXIAL STRESS STATE

Plane concrete element reinforced in the x, y - directions is considered.
Reinforcing bars in both directions are smeared out and characterized by
steel ratios p and p,, . Prestressing bars with steel ratio u are embedded
in the x direction only. Constitutive equations for the x, y directions
have the form

m  {5)=0], e 1-Dled

where [b] s and [b]b are stiffness matrices of reinforced and plain concrete,
respectively. Initial “strains in concrete are calculated from the formulae

£t écnsinzy + ectcos:zg“
(18) {eo}z €5t ecncoszly + ECtSfﬂZJ‘ )
EenEct)singcosy
where 55 denctes shrinkage strain and € n » €t are creep strains in concrete

in the principal directions n,t. Directions of principal stresses n,t in con-
crete are shown in Fig. 4. The orthotropic modg} is used for strained concrete

before cracking. Elements of matrix [C], = [D are calculated from the rela-
tions. b b
Copp = Sin’g/E) +cos't/E’
y Y ) 1y t 11b bn bt
‘i*’ )
) Crap= -V (f+my/(mE, +E}.),
= — I B
Gbt(min) fxy (19)C13b’"cz3b"(’/5bn 1/E, )sinpcosy
i 2l 2 J -2 )
. Gon x  Cyp=cosy/Ey, sy lE
_ ) ) ) )
y Cagp=1/E, 1/ 4+ ?.Db(ﬁm)/(mé'bnlr Ebt))

T‘—l’ X where
n Xy G\

y
¥=05arc g [_Z_Tbxy /(Gbx- Gbg):/ )

Fig. 4. Directions of principal m =/6bh/ th/é 1 and b
stresses n,t in concrete
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denotes Poisson’s ratio (here assumed 0,2). In the stiffness matrix
for reinforced concrete only two elements differ from those for the plain
concrete:

Q0) Ditps = Oy * HxEsx+ FoEgpn

Daabs =Dypp t Hykgy -

The secant moduli of concrete Ei:n R Eé , present in (19), are calculated in
accordance with the iterative process EZL) given in Section 2 of the paper.
Both the iterative process (4) and the initial strains formulae (18) contain
creep strains of concrete in principal directions. To take into account the
influence of two-axial stress upon creep the following formula is proposed

(1) Eey= delzjl*(t,rﬂ kﬁﬁ«%“@) x=ht,

where C*f (t, T ) is a specific linear creep which is to account for the two-
-dimensionality of the element, ke Uenotes empirical coefficient accounting
for the effect of two-axial stress on the nonlinear creep. For determining
kg the following formulae are postulated:

at the "compression-compression" state

kn= ktz 1 ‘0’7“6bﬂl/Rb(T) )

where Rb (T) stands for cube strength of conmcrete at the age T,
at the "compression-tension" state

-1
kn=[1+096,,/ R,D] 5 (B<0)) ky=1,

at the "tension-tension" state

kp=ky=1
” .
The anisotrgpic r%odel is used for reinforced concrete with cracks. Matrix
D = C]b in (17) can be obtained from the following formulae based on

Karpenko (1976) suggestions:
Cyy bs:)‘x/(Es,xf"x * E'smun)+ coszy//;"bt ,
Ciobs =0
Crsps = Ay CHQU/CEL P+ Eyp )= Sinpcosy/E,
(22) C22b5=>\y/E;g,uy+ Siﬂzg”/E)bt ,
Cazps = ?\g £9X/E)59Fy ~Sin2fcos(y/E;t)
Ca3pg 2}\,(“925“/( EguM, + Eyp Hp )+
Kytgzx/E’syyfw/DP—1)/E’bt )
where
1/x,= 1+ Eggpycfgzy/(Es’xp“ Esp )
1/)‘92 rt (Elsx He E;nf‘n)ff?z?f‘/Es}g/‘g )
Ey= By /We/ Ve ) ¥=14,1)
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2
V=015 + [0,025R 0/ Ry, /6, < 0,6

Coefficients Wy , g are determined in accordance with (9) and (13).
The stiffness matrlx of concrete in (17) is obtained from the formula

@ [p]= [D] -[0],

where [D] [C]s . Matrix [C:Is is calculated in accordance with (22) on

the assump%mn that E su " ESO(QSQ(’ ™ = X,Y,N.

4. NUMERICAL EXAMPLE

As an example of the proposed method the FEM computer calculations of pres-
tressed concrete beam, experimentally investigeted in Moscow Research Concrete
Institute, were performed.

All material functions for concrete used in the numerical analysis were
determined by Chernojarova (1971) form the experiments in the following form:

£,(T) = 25 107°(1- e'o'”) )

-01T
E (1) = 36107 (1-¢ "), (MPa),
Rb(r)—_—.hzu-e‘o'”)) (MPa) ,

203
Rpten™ =028 [R(T)] 5 (MPa),

- Ctm) = 8410701 +e™ %" Ty1- 0 BW), (mpa "),
Crit D) = [6/Ry o] C ctT), (MPa),
Ch6tn=[6/R(M)]C t,1),  (MPGh),
Cplt,y=38: 10“5(1-e'o'25 W) , (MPg'y |

where t and T denote time in days.
Two symmetrical parts of the
beam subdivided into rectangular
finite elements are shown
—_— in Fig. 5. The initial flexure
P=24,6kN F p6AL  $10ATV under prestressing, permanent
A\ - deflection under the long-
X term loading F = 17,5 kN
§ and cracking process under

the long-term loading F= 17,5

N - RAT-VI N and cracking process under
4745 1000 L 1000 B0, the short-term loading F= 53,3
P=70,3kN 1 kN are shown in fig. 6 and

Fig. 7. A fairly good agreement
with the experimental data
can be observed.

Fig. 5. Reinforcement of beam, finite element
mesh and loading
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Fig. 6. a) Initial flexure of beam under Fig. 7. Cracking process in beam
prestressing under short-time loading
b) Permanent deflection of beam
under long-term-loading
-~—— theoretical results
-+ «--experimental results
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